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Abstract 



o 



Scattering of particles in the gravitational field of Kerr black holes is considered. It is shown that scattering energy of particles in 
the centre of mass system can obtain very large values not only for extremal black holes but also for nonextremal ones existing 
in Nature. This can be used for explanation of still unresolved problem of the origin of ultrahigh energy cosmic rays observed in 
Auger experiment. Extraction of energy after the collision is investigated. It is shown that due to the Penrose process the energy of 
the particle escaping the hole at infinity can be large. Contradictions in the problem of getting high energetic particles escaping the 
black hole are resolved. 
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X- Introduction 

' q'' In llll we put the hypothesis that Active Galactic Nuclei 
Q^,(AGN) can be the sources of ultrahigh energy particles in cos- 
^ mic rays observed recently by the AUGER group (see due 
bJOto the processes of converting dark matter formed by super- 
heavy neutral particles into visible particles — quarks, leptons 
(neutrinos), photons. Such processes as it was discussed pre- 
viously in yl |4[] could lead to the origination of visible matter 
from the dark matter particles in the early Universe when the 
energy of particles was of the Grand Unification (GU) order 
.(10'^ - 10'"* GeV) i.e. at the end of inflation era. 
■ If AGN are rotating black holes then in Ijl we discussed 
jhe idea that "This black hole acts as a cosmic supercollider 
in which superheavy particles of dark matter are accelerated 
close to the horizon to the GU energies and can be scattering in 
collisions." It was also shown that in Penrose process |5] dark 
. ^ matter particle can decay on two particles, one with the nega- 
live energy, the other with the positive one and particles of very 
high energy of the GU order can escape the black hole. Then 
these particles due to interaction with photons close to the black 
hole will loose energy analogously up to the Greisen-Zatsepin- 
Kuzmin limit in cosmology [6J. 

Processes of converting dark matter particles into visible 
ones as well as collisions of dark matter particles close to the 
horizon of the black hole in the AGN can play important role in 
the solution of the problem of cusps as it was discussed in 101 ■ 
According to the hierarchical model the galaxies were formed 
due to initial inhomogeneities of dark matter distribution. But 
after origination of rotating black holes at the centre of future 
galaxies large part of the dark matter became redistributed so 
that it can be mainly present in the halo of galaxy f^. 
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The problem of the origin of ultrahigh energy cosmic rays 
(UHECR) is a major unsolved issue in astroparticle physics. 
Surely there can be different mechanisms of getting UHECR 
from AGN. Our aim is fuU investigation of the role of pro- 
cesses of collisions and decays of elementary particles close 
to the horizon of the Kerr black holes in the AGN. These parti- 
cles can be superheavy particles of dark matter or usual protons, 
iron nuclei, etc. In the latter cases for usual particles to get large 
energy one must consider multiple scattering. 

First calculations of the scattering of particles in the ergo- 
sphere of the rotating black hole, taking into account the Pen- 
rose process, with the result that particles with high energy can 
escape the black hole, were made in [SJ. Recently in [9] it was 
shown that for the rotating black hole (if it is close to the critical 
one) the energy of scattering is unlimited. The result of (^] was 
criticized in LIO^ JJ,] where the authors claimed that if the black 
hole is not a critical rotating black hole so that its dimension- 
less angular momentum A it 1 but A - 0.998 then the energy is 
limited. 

In this paper we show that the energy of scattering in the cen- 
tre of mass system can be still unlimited in the cases of multiple 
scattering. In Section|2] we calculate this energy, reproduce the 
results of and show that in some cases (multiple scat- 

tering) the results of floilTIll on the limitations of the scattering 
energy for nonextremal black holes are not valid. In Section lTTI 
an evaluation of the time necessary for the freely falling parti- 
cle to get the unbounded large energy in collision with the other 
particle in the centre of mass system is made. It is proved that 
in order to have infinitely large energy of collision on the hori- 
zon infinitely large time from the beginning of free falUng of 
the particle on the rotating black hole is needed. Particle colli- 
sions inside the rotating black hole are considered in Section[3] 
In Section |4] we obtain the results for the extraction of the en- 
ergy after collision in the field of the Kerr's metric. It occurs 



that the Penrose process plays important role for getting larger 
energies of particles at infinity. Our calculations show that the 
conclusion of flT] about the impossibility of getting at infinity 
the energy larger than the initial one in particle collisions close 
to the black hole is wrong. 

The system of units G = c = 1 is used in the paper. 

2. The energy of collision in the field of black holes 

Let us consider particles falling on the rotating chargeless 
black hole. The Kerr's metric of the rotating black hole in 
Boyer-Lindquist coordinates has the form 
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-(r^ + cos^0) +d0^]-(r^ + a^) sin^9dip\ (1) 



where 

A = - 2Mr + a^ 



(2) 



M is the mass of the black hole, J - aM is angular momentum. 
In the case a = the metric ([TJ describes the static chargeless 
black hole in Schwarzschild coordinates. The event horizon for 
the Kerr's black hole corresponds to the value 



The Cauchy horizon is 
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The surface called "the static limit" is defined by the expression 

r = ro = M + Vm2 - cos^O . (5) 

The region of space-time between the horizon and the static 
limit is ergosphere. 

For equatorial (6 = n/l) geodesies in Kerr's metric ([T]i one 
obtains (lUl, §61) 
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where 6\ — \ for timelike geodesies {6\ - for isotropic 
geodesies), t is the proper time of the moving particle, e - 
const is the specific energy: the particle with rest mass m has 
the energy em in the gravitational field ([TJ; Lm - const is the 
angular momentum of the particle relative to the axis orthogo- 
nal to the plane of movement. 

Let us find the energy Zic.m. in the centre of mass system of 
two colliding particles with the same rest m in arbitrary gravi- 
tational field. It can be obtained from 



(£'c.m.,0,0,0) = mMji) -Hi 
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where u' - dx'/ds. Taking the squared (|9]i and due to m'm, - 1 
one obtains 



1 + u 



(1) 
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The scalar product does not depend on the choice of the coor- 
dinate frame so ( fTOt is valid in an arbitrary coordinate system 
and for arbitrary gravitational field. 

We denote x - r/M, xh - rn/M, xc - rc/M, A - a/M, 
l„ = L„/M. Apply the formula (fTOl i for calculation of the en- 
ergy in the centre of mass frame of two colliding particles with 
angular momenta Li, Lo, which are nonrelativistic at infinity 
(ei - E2 - 1) and are moving in Kerr's metric. Using ([1), 
©-dHJl one obtains ^ 
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- ^(2x2 + 2(Zi-A)2 - l\x) (2x2 + 2(^2 -A)2 - llx) 
where 

A v — x^ — 2x + A^ — {x — xh){x — xq) ■ 



(12) 



To find the limit r ^ rn for the black hole with a given angu- 
lar momentum A one must take in (fTTT i x - xh + a with a — > 
and do calculations up to the order a^. Taking into account 
A^ - xhXc, Xh + Xc = 2, after resolution of uncertainties in the 
limit a ^ one obtains 
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In the limit r rn for the extremal black hole one obtains 
the expression 



r Ik -2 /i -2 
a^M ^ E,,^,(r ^ r^) = V2m J + ^-^ , (15) 

y ii - z 12-1 

given first in J^, showing the unlimited increasing of the en- 
ergy of collision when the specific angular momentum of one 
of falling particles goes to the limiting possible value equal to 
2M necessary for achieving the horizon of the extremal black 
hole. 

Formula ([8]) leads to limitations on the possible values of the 
angular momentum of falling particles: the massive particle 
free falling in the black hole with dimensionless angular mo- 
mentum A being nonrelativistic at infinity (e - 1) to achieve the 
horizon of the black hole must have angular momentum from 
the interval 

-2(l-H Vl+A) = /i</<Zfi = 2(l+ V1-A). (16) 

Note that for the mentioned limiting values the right hand side 
of the formula ([8]l is zero for 
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2(1 -t- Vl -A)-A, XL = 2(1 + Vl +a)+A (17) 



for I = Ir and / = correspondingly. 

The dependence of the energy of colHsion E^.m. on the radial 
coordinate for li - /«, I2 = II (see ( fT6b ) is given on Fig. [T] 
The boldface line corresponds to A = 0.998, the ordinary curve 
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Figure 1 : The dependence of the energy of particle collision on the coordinate r. 

to A = 0.9, the dotted to A = 0.5, the Une formed by points 
describes nonrotating black hole (A - 0). The fractures on 
dense line, denoted by dotted lines correspond to values x = 
xr{A)M / rniA) (see xr in ( [TT] )) i.e. to zeroes of the expressions 
in roots in formula ( fTTT i. 

Putting the limiting values of angular momenta /£, Ir into the 
formula ( fTST l one obtains the maximal values of the energy of 
collision for particles falling from infinity 
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1 + Vl -A2 

The dependence of £ ™™ on the angular momentum of the black 
hole is shown on Fig.|2] 
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Figure 2: The dependence of the maximal energy of collision for particles 
falling from infinity on the black hole angular momentum. 

For nonrotating black hole the maximal energy of collision 
due to (USl) is fieT/"^ = 2 V5 (first found in [Til). 
For A = 1 - e with e — > formula (fTSl l gives: 

E--ir^r,)^2{2^'U2-^'^)^.^. (19) 



(see (8) in 1 11]). So even for values close to the extremal A = 
1 of the rotating black hole E™^ jm can be not very large as 
it is mentioned in ifioi [Till . So for A,nax - 0.998 considered 
as the maximal possible dimensionless angular momentum of 
the astrophysical black holes (see IM]), from ( fTSl ) one obtains 
E^^lm * 18.97. 

Does it mean that in real processes of particle scattering in the 
vicinity of the rotating nonextremal black holes the scattering 
energy is limited so that no Grand Unification or even Planck- 
ean energies can be obtained? Let us show that the answer is 
no! If one takes into account the possibility of multiple scat- 
tering so that the particle falling from the infinity on the black 
hole with some fixed angular momentum changes its momen- 
tum in the result of interaction with particles in the accreting 
disc and after this is again scattering close to the horizon then 
the scattering energy can be unlimited. 

The limiting value of the angular momentum of the particle 
close to the horizon of the black hole can be obtained from the 
condition of positive derivative in (|6]) dtjdT > 0, i.e. going 
"forward" in time. So close to the horizon one has the condition 
/ < s2xh/A which for e = 1 gives the limiting value In- 

From ^ one can obtain the permitted interval in r for parti- 
cles with e = 1 and angular momentum / = Ih-S. In the second 
order in 6 close to the horizon one obtains 
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If the particle falling from the infinity with / < Ir arrives to the 
region defined by ( l20l l and here it interacts with other particles 
of the accretion disc or it decays on more light particle so that it 
gets the larger angular momentum li - Ih - S, then due to ( fTSl) 
the scattering energy in the centre of mass system is 



m I 2(Ih - h) 

V5 V 1 - 



(21) 



and it increases without limit for 6-^0. For A^ax = 0.998 and 
l2 = lL, £c.m. ~ 3.85m/ V^. 

Note that for rapidly rotating black holes A = 1 - e the dif- 
ference between Ih and Ir is not large 
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For A,nax = 0.998, Ih - h ~ 0.04 so the possibiHty of getting 
small additional angular momentum in interaction close to the 
horizon seems much probable. 

That is why we come to a conclusion that unboundedly large 
energy can be obtained in the centre of mass system of scatter- 
ing particles. This means that physical processes not only on 
the Grand Unification scale but even on the Planckean energy 
can go in this case. 

One can obtain the same result of getting unbounded large 
energy in the centre of mass frame for particles with different 
masses nii + m2 and ei + £2 115]- 

However an important question is to look how particles with 
large energy can be extracted from the black hole? Some energy 



surely will be loosed due to the red shift, but as we'll show in 
this paper ultrarelativistic particles still can be observed outside 
the black hole. Observation of them can give us insight into the 
Grand Unification and Planckean physics near the horizon. 

Before answering on this question let us investigate the prob- 
lem about the time needed for the energy to grow unboundedly 
large. 

2.1. The time of movement before the collision with unbounded 
energy 

Let us show that in order to get the unboundedly growing 
energy one must have the time interval from the beginning of 
the falling inside the black hole to the moment of collision also 
growing infinitely. This is connected with the fact of infinity 
of coordinate interval of time needed for a freely particle to 
cross the horizon of the black hole (for Schwarzschild metric 
this question was considered in fl^). 

From Fig. [T] one can see that the collision energy can get 
large values in the centre of mass system only if the collision 
occurs close to the horizon. Unboundedly large energy of colli- 
sions outside of a black hole are possible only for collisions on 
horizon x ^ xh (see ( fTTI ). (fT3])). 

From equation of the equatorial geodesic (|6]), ([8]) for a parti- 
cle with dimensionless angular momentum / and specific energy 
e = 1 (i.e. the particle is non relativistic at infinity) falling on 
the black hole with dimensionless angular momentum A one 
obtains 

dr _ (x- xh)(x - Xc) ^]2x^ - fx + 2(A - /)2 
dt ~ 



+ A^x + 2A(A - I) 



(23) 



So the coordinate time (proper time of the observer at rest far 
from the black hole) of the particle falling from some point ro = 
xqM to the point r/ = XfM > rn is equal to 
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^fx{x' + A^x + 2A{A - /)) dx 



X - xh){x - Xc) V2x2 - Pjc + 2{A - 0^ 



In case of the extremal rotating black hole (A = 1, jcr = jch = 
1) and the limiting value of the angular momentum / = 2 the 
integral (l24l i is equal to 



M /2 V^(x^ + 8x- 15) 

Af = — : + 5 In -L 

V2\ 3(x-l) 



(25) 
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and it diverges as (x/ - 1)"' for x/ — > \. 

In all other cases, when A < 1 and angular moment / < lu, 
integral (l24l) diverges logarithmically if Xf — > xu. This follows 
from equality 

x^ +A^x + 2A{A-l) ^{x- xh){x^+ xhx + 2xh) + 2A(Ih-1). (26) 

Note that for the particle with e = 1 outside the horizon for 
A < 1 the angular momentum I < Ih (see (l20t). So for all 
possible values of / and A to get the collision with infinitely 
growing energy in the centre of mass system needs infinitely 
large time. 



For the interval of proper time of the free falling to the black 
hole particle one obtains from (jSj 
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V2x2 - fx + 2(A - 0^ 



(27) 



If the angular momentum of the particle falling inside the black 
hole is such that li < I < Ir then the proper time is finite for 
X/ — > xh- For a — \,l -2 the integral ( l27l i) is equal to 
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and it diverges logarithmically when xj — » L So to get the 
collision with infinite energy one needs the infinite interval of 
as coordinate as proper time of the free falUng particle. 



To get large finite energy one must have some finite time 11151] . 
So to have the collision of two protons with the energy of the 
order of the Grand Unification one must wait for the extremal 
black hole of the star mass the time ~ lO^^s, which is larger 
than the age of the Universe « 10'** s. However for the collision 
with the energy 10^ larger than that of the LHC one must wait 
only a; 10** s. 

From Q, (O for the angle of the particle falUng in equatorial 
plane of the black hole one obtains 
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(29) 



If A 0, then integral (129b is divergent for Xf xh- So before 
collision with infinitely large energy the particle must commit 
infinitely large number of rotations around the black hole. 



(24) 3. Collision of particles inside the rotating black hole 



As one can see from formula (fTTl i the infinite value of the 
collision energy in the centre of mass system can be obtained 
inside the horizon of the black hole on the Cauchy horizon (|4]l. 
Indeed, from (fTSI) the zeroes of the denominator in (fTTI) : x = 
Xh, X — Xc, X = 0. 

Let us find the expression for the collision energy for x 
Xc- Note that the Cauchy horizon can be crossed by the free 
falling from the infinity particle under the same conditions on 
the angular momentum (fTSI l as in case of the event horizon. 
Denote 
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(30) 



Note that k < Ic ^ Ir < Ih- 

To find the limit r ^ rc for the black hole with a given an- 
gular momentum A one must take in (fTTT i x - xc + a and do 
calculations with c — » . The limiting energy has two different 
expressions depending on the values of angular momenta. If 



{h-lc)(h-lc)>0. 



(31) 



4 



i.e. li , I2 are either both larger than Ic, or both smaller than Ic, 
then 



dr ^ rc) 
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2m ^ 2xh(1\ - lc)(h- h) 

This formula is similar to (fTsT l if everywhere H C. If 

(h-lc)(h-lc)<0, 
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xc. (34) 



It is seen that the limit is infinite for all values of angular mo- 
menta I1J2 (l33T l. This could be interpreted lll7|] as the known 
instability of the internal Kerr's solution (see jlSl chap. 14]). 
However, from Eq. (|6]l we can see 



dt ^ f +00, if l> Ir, 

— (r ^ rc + 0) = < , , 

dT 1 if l<lc- 



(35) 



That is why the collisions with infinite energy can not be real- 
ized (see also UtIi '). 



4. The extraction of energy after the collision in 
Schwarzschild's and Kerr's metrics 

Let us consider the case when interaction between particles 
with masses m, specific energies ei, S2, specific angular mo- 
menta Li , L2 falling into a black hole occurred for some r > rn- 
Let two new particles with rest masses jj. appeared, one of 
them (1) moved outside the black hole, the other (2) moved in- 
side it. Denote the specific energies of new particles as si^, ez^i, 
their angular momenta (in units of yu) as L\^, L2^, v' - dx'/ds 
— their 4-velocities. Consider particle movement in the equa- 
torial plane of the rotating black hole. 

Conservation laws in inelastic particle colhsions for the en- 
ergy and momentum lead to 

'"("(I) + M(2)^ ^ '"'^^(I) + ^(2)^ ■ 



(37) 



(38) 



Equations (l36l l for t and ^-components can be written as 

m(si + £2) = i^isiij + S2^) , 
m(Li + L2) = n{Li^ + L2^) , 



i.e. the sum of energies and angular momenta of colliding par- 
ticles is conserved in the field of Kerr's black hole. 
For the r-component from ([8]l one obtains 
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(39) 



The signs in ( |39] | are put so that the initial particles and the par- 
ticle (2) go inside the black hole while particle (1) goes outside 
the black hole. The values £1^, £2/1 are constants on geodesies 
( II13II . § 61) so the problem of evaluation of the energy at infinity 
extracted from the black hole in collision reduces to a problem 
to find these values. 

The initial particles in our case were supposed to be nonrela- 
tivistic at infinity: ei = £2 = 1, so Eq. ( [39] l becomes 
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Consider at first the case a = of the nonrotating black hole. 
In this case the Eq. ( l40b has the form 
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(41) 



The maximal energy of collision is for Li = -L2, \Li \ - IL2I = 
4M (see ([161), <1IS1>)- From Eq. (gl]) one gets for |Li^| = \L2f,\ (in 
particular, for the radial movement of the products of reaction) 
sifi ^ S2jj- The initial particles were supposed to be nonrela- 
tivistic on infinity and so from (l37l l one gets for the energy of 
the particle moving outside the black hole 



(42) 



For radial movement the energy radiated to infinity of the parti- 
cles collided in the Schwarzschild black hole can not be larger 
than the rest energy of one initial particle! 

Note that equality in (|42|i is obtained in case Li = -L2, \Li \ = 
IL2I - AM, - L21J - (the radial movement), if r = 4M 
then reaction occurs on the doubled Schwarzschild radius. 
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For the case when the collision takes place on the horizon 
of the black hole (r — > rn) the system (l37l l-(l40ll can be solved 
exactly 



X - r/M 1 



f^i/i^-:, — > £2^ = :^ — . L2f,^ —{Li + L2) - Li^. (43) 



In general case the system of three Eqs. (I37ll-(l40ll for 
four variables ei^, £2//, i^i/j, ^^2/^ can be solved numeri- 
cally for a fixed value of one variable (and fixed parameters 
mlji, Li/M, L2/M, a/M, r/M). The example of numerical 
solution is /j/m = 0.3, Zi = 2.2, k = 2.198, A = 0.99, x = 
1.21, hf, = 16.35, = -1.69, si^ = 7.215, £2/. = -0.548. 
Note that the energy of the second final particle is negative and 
the energy of the first final particle contrary to the limit obtained 
in lull is larger than the energy of initial particles as it must be 
in the case of a Penrose process |8]. If the mass of the parti- 
cle is not very large this particle is observed as ultrarelativistic. 
What is the reason of this contradiction? Let us investigate the 
problem carefully. 

Note that if one neglects the states with negative energy in 
ergosphere energy extracted in the considered process can not 
be larger than the initial energy of the pair of particles at infinity, 
i.e. 2m. The same limit 2m for the extracted energy for any 
(including Penrose process) scattering process in the vicinity 
of the black hole was obtained in ill Ifl . Let us show why this 
conclusion is incorrect. 

If the angular momentum of the falling particles is the same 
then (see ( l40t ) one has the situation similar to the usual decay of 
the particle with mass 2m in two particles with mass fi. Due to 
the Penrose process in ergosphere it is possible that the particle 
falling inside the black hole has the negative relative to infinity 
energy and then the extracted particle can have energy larger 
than 2m. 

The main assumption made in [11] is the supposition of the 
collinearity of vectors of 4-momenta of the particles falling in- 
side and outside of the black hole (see (9)-(ll) in Ol ill '). The 
authors of say that these vectors are "asymptotically tan- 
gent to the horizon generator". 

First note that from ©, ([T6ll for A < 1 and Z < or A = 1, 
but / < 2 the limit of dr/dT is not zero at the horizon. This 
derivative has opposite signs for the falling and outgoing parti- 
cles. Signs for other components of the 4-momentum are equal. 

In the limiting case (A - I, li - 2) the expressions dt/dT, 
dip/dr of the components of the 4-velocity of the infalling par- 
ticle (|6]l, O go to infinity when r — > rn, but dr/dr goes to zero. 
In spite of smallness of r-components in the expression of the 
square of the 4-momentum vector they have the factor grr going 
to infinity at the horizon. So putting them to zero can lead to a 
mistake. To see if M(I) and V(i) are collinear it is necessary to put 
the coordinate r of the collision point to the limit rn - M and 
resolve the uncertainties 00/00 and 0/0. For the falling particle 
E - \, I - 2 the expressions for components of the 4-vector u 
can be easily found from ©-(ISll. For the particle outgoing from 
the black hole due to exact solution on the horizon (l43T l one puts 
fii// = ^i///2 + a, where a is some function of r and Zi^, such that 
Q- — > when r — > r//. Putting this into (|6]l-([8]l one gets for 
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Due to the condition dt/dr > (movement forward in time) the 
necessary condition for collinearity is that both (l44l i and ( l45T l 
must be zero, which is not true. This leads to the conclusion that 



the considerations of the authors of 111 111 for scattering exactly 
on the horizon can not be used for the real situation of particle 
scattering close to the horizon. 

All this confirms our hypothesis in that the vicinity of the 
rotating black hole is the arena of the Grand Unification physics 
as it was in the early Universe. In the early Universe gravitation 
created pairs of superheavy X, X particles decaying then as short 
living and long living Xs , Xi particles on ordinary quarks and 
leptons. But then due to the breaking of the GU symmetry Xi 
became metastable and survived up to our time as dark matter 
particles. 

In the vicinity of rotating black holes X^ can decay on or- 
dinary particles as it is possible for the GU energies as well 
as they can be converted into Xs decaying particles because 
{Xi\Xs) + 0. These decays can go with baryon and CP- 
conservation breaking, so that different hypotheses on the pro- 
cesses in the early Universe can be checked by astrophysical 
observations of AGN. 
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